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Abstract 
This paper presents a short review of standards pertaining to uncertainty of coordinate measurements, new software developed by 
the authors as well as theoretical models used within the software. The software has been developed with the following 
assumptions: in the coordinate measurements the uncertainty is analyzed separately for each characteristic, and the uncertainty of 
measurement for a particular characteristic is calculated with a formula describing the characteristic as a function of differences of 
coordinates of characteristic points of the workpiece. Examples of use of the software for measurement uncertainty evaluation of 
different GPS characteristics are also presented. 
 
The Authors. Published by Elsevier B.V. Selection and/or peer-review under responsibility of Professor Xiangqian Jiang.  
Keywords: uncertainty of measurement; coordinate measurements; B type evaluation; geometrical product specification 
1. Introductiona 
Uncertainty of measurement is an important element 
of the measurement result. Quality systems require the 
statement on measurement uncertainty of manufactured 
parts. Nowadays in machine engineering industry, 
especially automotive and aviation, coordinate 
measuring technique is the key inspection method, in 
which the evaluation of uncertainty is quite challenging 
task. Nowadays, on technical drawings for geometrical 
product specification the toleranced dimensions and 
geometrical toleranced (form, orientation, location and 
run-out) are used [1], but toleranced dimensions are only 
used for features of size [2, 3] or for dimensions of low 
importance. For crucial characteristics the most popular 
and adequate way for geometrical product specification 
is to use the theoretical exact dimensions and position 
tolerance. The example drawing (Fig. 1) shows the use 
of toleranced dimensions in regard to the diameter of a 
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pin and the distance (twice) between opposite planes. 
For the two dimensions (not being features of size) a 
position tolerance is used. The drawing includes also 
other examples of geometrical tolerances (flatness and 
symmetry). 
2. Uncertainty of coordinate measurement 
Despite the fact that all characteristics are measured 
on the same CMM the measurement uncertainties of 
each are different. For the CMM the most important 
sources of errors are geometrical errors (usually assumed 
21 to exist) and probing head errors [4]. Further, the 
temperature errors are pointed. 
For simple measuring devices, uncertainty can be 
evaluated by an uncertainty budget according to the 
recommendations of the Guide to the expression of 
uncertainty in measurement (GUM) [5]. However, in the 
case of a CMM, the formulation of a classical 
uncertainty budget is hard mainly because of significant 
number of errors influencing the uncertainty but also 
because 
Additional difficulty is diversity of measurement tasks 
(characteristics). Currently ISO (namely Technical  
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Committee ISO/TC 213, Dimensional and geometrical 
product specifications and verification) is conducting 
work on the standard ISO 15530. The following parts 
have been completed: 
Despite the fact that all characteristics can be 
measured on the same CMM the measurement 
uncertainties of each are different. For a CMM the most 
important sources of errors are geometrical errors (it is 
usually assumed that 21 exist) and probing head errors 
[4]. Further, the temperature errors are considered. 
For simple measuring devices, uncertainty can be 
evaluated by an uncertainty budget according to the 
recommendations of the Guide to the expression of 
uncertainty in measurement (GUM) [5]. However, in the 
case of a CMM, the formulation of a classical 
uncertainty budget is hard mainly because of a 
significant number of errors influencing the uncertainty, 
diversity of measurement tasks (characteristics) but also 
because of the 
Currently ISO (namely Technical Committee ISO/TC 
213, Dimensional and geometrical product 
specifications and verification) is conducting work on 
standard ISO 15530 which relates to this. The following 
parts have been completed: 
 ISO 15530-3 [6] 
This standard provides an experimental technique 
which is a simple and very reliable for the uncertainty 
evaluation of CMM measurements. In this experimental 
approach measurements are carried out in the same way 
as actual measurements, but with calibrated workpieces 
or standards of identical or similar dimension and 
geometry. This part is applicable for non-substitution 
measurement of workpieces or standards, where the 
measurement result is given by the indication of the 
CMM. Furthermore, this part is applicable for 
substitution measurement, where, in opposition to the 
non-substitution measurement, a check standard is used 
to correct for the systematic errors of the CMM. This 
will generally decrease the measurement uncertainty and 
is often used e.g. in the field of gauge calibration. 
 ISO/TS 15530-4 [7] 
The use of computer simulation for evaluating 
measurement uncertainty requires proper software. To 
allow users to do this, CMM suppliers and other third 
party companies have developed uncertainty evaluating 
software (UES). UES is based on a computer-aided 
mathematical model of the measuring process. In this 
model, the measuring process is represented from the 
measurand to the measurement result, taking important 
influence quantities into account. In the simulation, these 
influences are varied within their possible or assumed 
range of values (described by probability distributions), 
and the measuring process is repeatedly simulated, using 
possible combinations of the influence quantities. The 
uncertainty is determined from the variation of the final 
result. Contrary to ISO 15530-3 this document does not 
specify any information on how the simulation software 
shall be designed. It just says what kind of information 
the developer of the software has to present. 
a) b)  
  
Fig. 1.Examples of up-to-date geometrical product specification (simplified drawings): a) housing of a sensor, b) connecting rod  
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A currently available simulation software named 
MegaKal offered by PTB can be integrated with some 
CMM software e.g. Calypso from Zeiss and Quindos 
from Leitz. The software is installed on the CMM 
computer and works on-line. The input information for 
the software is CMM geometrical errors, probing head 
errors, measurement strategy and probing points. The 
geometrical errors and probing head errors are 
indentified experimentally by use of the software named 
coordinates are transferred from the CMM software. 
Related to this there is also a 3rd document under 
development, ISO/TS 15530-2 [8]. This approach 
assumes that a significant part of the uncertainty is 
repeatability of the measurement of the same workpiece. 
In order to include in the spread as many as possible 
factors influencing the uncertainty, the measured 
workpiece is placed in different places in the measuring 
volume oriented differently relative to the CMM axes. 
Use of this approach for uncertainty estimation is limited 
to workpieces of simple design (e.g. ring gauges or plug 
gauges) for which the measurement in 4 different 
orientations within the CMM measuring volume is 
simple to perform. 
The authors have developed a methodology, 
algorithms and software enabling estimation of the 
uncertainty of coordinate measurements. The software 
makes it possible to evaluate the measurement 
uncertainty for two types of CMM: bridge and horizontal 
arm type. The kinematic model and associated model of 
error propagation and matrix equation used have been 
described previously [4]. 
The software [9] has been developed with the 
following main assumptions: 
 in the coordinate measurements the uncertainty is 
analyzed separately for each characteristic (task 
related procedure), 
 uncertainty of measurement for a particular 
characteristic is calculated with the formula 
describing the characteristic as a function of 
differences of the coordinates of characteristic points 
of the workpiece, 
 the use of the type B uncertainty evaluation method 
for coordinate measurements is only possible if each 
geometrical error can have an associated function 
expressing the maximal value of the particular 
geometrical error difference; the argument of the 
function is the difference of the coordinates of a pair 
of characteristic points. 
The measurement model of each characteristic uses 
all necessary characteristic points  those of the datum 
features as well as those of the toleranced feature. The 
number of characteristic points of the workpiece is the 
mathematical minimum number of points, and equals 1 - 
7 for a particular characteristic. The methodology is 
different than the one in the simulation model, where 
first the geometrical elements are calculated from the 
probing points with associated errors, and then the 
particular characteristics are calculated. 
The measurement models are based on the commonly 
known dependencies describing distances: 
 point-point, 
 point-straight line, 
 point-plane. 
In general, the distance l of a point S from the straight 
line p defined by a point P and unit vector u parallel to 
the straight line is calculated as 
uSPpSl ,  (1) 
The distance l of a point S from the plane p defined 
by a point P and unit normal vector u is calculated as 
uSPpSl ,  (2) 
The point-point distance model can be used e.g. to 
centre points or thickness of a plate as a two-point 
distance. The point-straight line model can be used e.g. 
to analyze the uncertainty of measurement of 
straightness, coaxiality, parallelism of axes (for 
cylindrical tolerance zone), perpendicularity of axis to 
plane, and some cases of the position. The point-plane 
model can be used to analyze the uncertainty of 
measurement of e.g. flatness, parallelism of axes in 
common plane and in plane perpendicular to common 
plane, parallelism of axis to plane, parallelism of plane 
to axis, parallelism of planes, perpendicularity of axes, 
perpendicularity of planes, perpendicularity of plane to 
axis, angularity and some cases of position, profile any 
line and profile any surface [9].  
3. Examples of models 
In the following examples the differences of 
coordinates of pairs of characteristic points are given in 
simplified notation, e.g. xAB is the difference xA-xB. 
3.1. Model of measurement of parallelism of axes 
(cylindrical tolerance zone)  
The appropriate model for parallelism of axes 
(cylindrical tolerance zone) is shown on Fig. 2. The 
minimum number of points necessary to evaluate the 
deviation is 4. The datum axis is represented by 2 points 
A and B. The axis with toleranced orientation is 
represented by points K and S.  
The measurement task (parallelism measurement) 
consists of the determination of the distance l of point S 
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from the straight line going through the point K and 
parallel to the straight line AB (the distance l is equal to 
the diameter of  the cylinder within  
points  are  included). In  the task  the straight line p is 
parallel to the straight line AB going through the point K.   
The vector u can be calculated as a unit vector parallel to 
the straight line AB. Finally, the formula (which is the 
base for evaluation of the combined uncertainty) for 
parallelism of axes deviation takes the form 
2222
2
2
BABABAKSBA
BAKSBAKS
KSBAKSBABAKS
zyxyx
yxzx
zxzyzyl
(3) 
3.2. Model of measurement of parallelism of axes in the 
plane normal to common plane 
The appropriate model for parallelism of axes in the 
normal plane is shown in Fig. 3. The minimum number 
of points necessary to evaluate the deviation is 4. The 
datum axis is represented by 2 points A and B. The axis 
with toleranced orientation is represented by points K 
and S. 
The measurement task (parallelism measurement) 
consists of the determination of the distance l of point S 
from the plane defined by the points A and B of the 
datum axis and the point K of the toleranced axis (the 
distance l is equal to the distance between two parallel 
. The 
formula (which is the base for evaluation of the 
combined uncertainty) for parallelism of axes deviation 
takes the form 
m
czbyaxl SASASA   (4) 
where 
222 cbam
yxyxc
zxzxb
yzzya
BAKAKABA
KABABAKA
KABAKABA
 
3.3. Model of measurement of parallelism of axes in the 
common plane 
The appropriate model for parallelism of axes in the 
common plane is shown in Fig. 4. The minimum number 
of points necessary to evaluate the deviation is 4. The 
datum axis is represented by 2 points A and B. The axis 
with toleranced orientation is represented by points K 
and S. 
 
 
Fig. 4. Measurement of parallelism of axes in the common plane: a) 
requirement specification with characteristic points, b) measurement 
model 
The measurement task consists of the determination 
of the distance l of point S from the plane going through 
the point K and parallel to straight line AB as well as 
perpendicular to the plane ABK (the distance l is equal to  
Fig. 2. Measurement of parallelism of axes in space: a) requirement 
specification with characteristic points, b) measurement model 
Fig. 3. Measurement of parallelism of axes in the plane normal to 
common plane: a) requirement specification with characteristic points, 
b) measurement model  
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the distance between two parallel planes within which 
. The formula (which is 
the base for evaluation of the combined uncertainty) for 
parallelism of axes deviation takes the form 
m
czbyax
l SKSKSK
222
 (5) 
where 
222 cbam
yzzyyzxxzxc
xyyxxyzzyzb
zxxzzxyyxya
KABAKABABAKABAKABABA
KABAKABABAKABAKABABA
KABAKABABAKABAKABABA
 
The models for other characteristics used in GPS 
were defined in a similar way. Some models, e.g. for 
uncertainty of measurement of axis position in regard to 
datum system of 3 planes, are more complex (they 
consider more characteristic points) and have been 
implemented in the software [10, 11, 12]. 
4. User interface 
Data regarding CMM accuracy (e.g. geometrical errors) 
are implemented in software by the supplier of the 
software. The software operation consists of choosing 
from the menu an appropriate characteristic and 
specifying the measurement strategy. Information on the 
measurement strategy includes coordinates (in the CMM 
coordinate system) of the workpiece characteristic 
points, stylus parameters and  for characteristic points 
being points of axes or symmetry planes  diameter or 
thickness of the feature. Fig. 5 depicts the filled-in 
dialog window for parallelism of axes (cylindrical 
tolerance zone) uncertainty evaluation.  
The workpiece is placed on the CMM table in the xy-
plane and measured with a vertical stylus with shaft 
length equal to 100 mm (zt = 100). T
diameters are 48 mm and 20 mm respectively for the 
datum feature and the toleranced feature. The distance 
yK  yA = 80 + 40 = 
120) and the distance between the probing sections for 
both holes is 16 mm (zB  zA = zS  zK = 178 + 194 = 
16). 
5. Examples of uncertainty evaluation 
The uncertainties of measurement (for CMM 
MicroXcel 765 PFx) for some characteristics of the 
workpieces presented in Fig. 1 are as follows. For the 
workpiece depicted in Fig. 1a: 
 flatness (T = 0.2), U 0.0017 mm, 
 position (T = 0.2), U = . 
For the workpiece depicted in Fig. 1b: 
 parallelism of axes in common plane (T = 0.02), U = 
 
 parallelism of axes in the plane normal to the 
common plane (T = 0.05), U  
6. Conclusions 
The statement given in ISO/TS 15530-4, that type B 
evaluation in regard to uncertainty of coordinate 
measurements is impractical is untrue. The uncertainty 
budget consists of significant number of components but 
 
Fig. 5. The dialog window for parallelism of axes (cylindrical tolerance zone) uncertainty evaluation 
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it is possible to perform the necessary calculations in the 
software developed by the authors. 
The presented coordinate measurements uncertainty 
evaluation software is fully adjusted to the GPS 
philosophy because all the measurement models are 
based on the ISO 1101 definition of the particular 
characteristic. For evaluation of the measurement 
uncertainty of each characteristic the information on 
probing strategy for both toleranced features and datum 
features (if applicable) is used.  
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